We find that both continuous and discontinuous hexatic-liquid transitions can happen in the melting of two-dimensional solids of soft-core disks. For three typical model systems, Hertzian, harmonic, and Gaussian-core models, we observe the same scenarios. These systems exhibit reentrant crystallization (melting) with a maximum melting temperature Tm happening at a crossover density ρm. The hexatic-liquid transition at a density smaller than ρm is discontinuous. Liquid and hexatic phases coexist in a density interval, which becomes narrower with increasing temperature and tends to vanish approximately at Tm. Above ρm, the transition is continuous, in agreement with the Kosterlitz-Thouless-Halperin-Nelson-Young theory. For these soft-core systems, the nature of the hexatic-liquid transition depends on density (pressure), with the melting at ρm being a plausible transition point from discontinuous to continuous hexatic-liquid transition. Two-dimensional melting is one of the most fascinating and puzzling phase transitions [2, 3, 5]. In contrast to the first-order nature in three dimensions, the possible existence of an intermediate phase between liquid and solid, e.g., the hexatic phase, confuses the nature of two-dimensional melting. According to the KosterlitzThouless-Halperin-Nelson-Young (KTHNY) theory, the transitions from solid to hexatic and from hexatic to liquid are both continuous, accompanied by the disappearance of quasi-long-range positional and orientational orders, respectively [4][5][6] [7] . Many experiments and simulations have confirmed the two-stage melting proposed by the KTHNY theory [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , while there are still exceptions [5, [18] [19] [20] . The continuity of the hexatic-liquid transition also remains a matter of debate [21, 22] .
Two-dimensional melting is one of the most fascinating and puzzling phase transitions [2, 3, 5] . In contrast to the first-order nature in three dimensions, the possible existence of an intermediate phase between liquid and solid, e.g., the hexatic phase, confuses the nature of two-dimensional melting. According to the KosterlitzThouless-Halperin-Nelson-Young (KTHNY) theory, the transitions from solid to hexatic and from hexatic to liquid are both continuous, accompanied by the disappearance of quasi-long-range positional and orientational orders, respectively [4] [5] [6] [7] . Many experiments and simulations have confirmed the two-stage melting proposed by the KTHNY theory [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] , while there are still exceptions [5, [18] [19] [20] . The continuity of the hexatic-liquid transition also remains a matter of debate [21, 22] .
Recent studies have suggested that the nature of the hexatic-liquid transition is sensitive to the details of interparticle potential, including range, softness, length scale, and so on [3, 4, 14, 24] . For instance, it has been confirmed that the hexatic-liquid transition of hard disks is first order [6, 27, 28] . In contrast, two-dimensional melting of ultra-soft Gaussian-core particles was claimed to be consistent with the KTHNY theory [3] . By tuning the exponent of the inverse power law interparticle potential and hence the particle softness, Kapfer and Krauth observed the intriguing evolution of the hexatic-liquid transition from discontinuous to continuous [4] .
Consider a widely studied model system with finite range, purely repulsive and soft-core particle interaction
where r ij is the separation between particles i and j, σ is the particle diameter, Θ(x) is the Heaviside function, ǫ is the characteristic energy scale, and α is a tunable parameter. At low temperatures and low densities, this system behaves as a hard sphere (disk) system [29] . Its melting temperature increases with density up to the maximum value T m at a crossover density ρ m . Above ρ m , the melting temperature instead decreases with increasing density, exhibiting reentrant crystallization (melting) [3, [30] [31] [32] . As shown in Fig. 1 of the phase diagram for Hertzian repulsion (α = 5/2) in two dimensions, multiple reentrant crystallizations with different crystal structures occur successively with increasing density. Therefore, both the hard and ultra-soft particle limits can be achieved by the same model, just by varying the density. It is then interesting to know if both continuous and discontinuous hexatic-liquid transitions can occur in the same system.
By systematically studying the two-dimensional melting of Hertzian and harmonic (α = 2) systems over a wide range of densities, we indeed observe both types of the hexatic-liquid transition. Interestingly, the crossover density ρ m may act as the transition point between the two types. When ρ < ρ m , the transition is discontinuous, showing the coexistence of liquid and hexatic phases. The density region of the coexistence decreases with increasing temperature and tends to vanish at T m . When ρ > ρ m , the transition is continuous. We further verify that the same scenario exists for Gaussian-core model. Therefore, we propose that density affects the nature of the hexatic-liquid transition for soft-core particles exhibiting reentrant crystallization.
Our systems are rectangular boxes containing N disks with diameter σ and mass m. The systems have a side length ratio L x : L y = 2 : √ 3 to accommodate the perfect triangular structure. Periodic boundary conditions are applied in both directions. We set the units of mass, energy, and length to be m, ǫ, and σ. The time is thus in units of mσ 2 /ǫ. The temperature is in units of ǫ/k B , with k B being the Boltzmann constant. The density is calculated as
The liquid, hexatic, and solid phases are identified from correlation functions of the bond-orientational and positional order parameters according to the KTHNY theory [3, 14, 21, [33] [34] [35] :
where r = | r i − r j | is the separation between particles i and j located at r i and r j respectively, G is the wave vector satisfying the periodic boundary conditions and at the first peak of the static structure factor, and . denotes the average over configurations and particles. The local bond-orientational order parameter ψ 6 for particle j is defined as
where the sum is over all n j nearest neighbors of particle j determined by the Voronoi tessellation, and θ( r j − r l ) is the angle between r j − r l and a reference direction. For the liquid phase, both g 6 (r) and g G (r) show exponential decay corresponding to short-range order. The hexatic phase has quasi-long-range bond-orientational order and short-range positional order, resulting in a power-law decay of g 6 (r), g 6 (r) ∼ r −η6 with η 6 < 1/4, and an exponential decay of g G (r). For the solid phase, g G (r) ∼ r −ηG with η G < 1/3 and g 6 (r) shows almost no decay due to the quasi-long-range positional order and long-range bond-orientational order. In the Supplemental Material [36] , we show some examples of the correlation functions and also the sub-block scaling analysis [2] to distinguish different phases.
We first study systems of Hertzian and harmonic repulsions. They have been widely employed in simulation and theoretical work and have been shown to approximate well interactions of various experimental systems such as poly-Nisopropylacrylamide colloids, granular materials, and foams [38] [39] [40] . Both repulsions are soft core with positive definite Fourier transform [36] , leading to reentrant crystallization [1] . Upon compression, there occurs a sequence of reentrant crystallizations with different solid structures [42] . In this work, we concentrate only on the first one with the triangular structure. Figure 1 is obtained by quenching high-temperature N = 1024 states with a slow rate using constanttemperature and constant-pressure molecular dynamics simulations [43] . We have verified that our quench rate is slow enough that even slower quench rates will not change the phase diagram significantly. The phase diagram shows approximate locations of the phase boundaries, which slightly vary with system size due to finite size effects. The maximum melting temperature T m for Hertzian (harmonic) repulsion estimated from the phase diagram is approximately 3.90 × 10 −3 (7.10 × 10 −3 ) at a crossover density ρ m ≈ 1.64 (1.42) or pressure P m ≈ 0.14 (0.19) [36] . The inset to Fig. 1 shows the isobaric equation of state across the phase boundaries on both sides of and approximately at P m . When P < P m , the density jumps up across the transitions from liquid to solid. When P > P m , the system exhibits a water-like anomaly with the density of solid being lower than that of liquid. We find that the absolute value of the fast density change |∆ρ P | decreases when approaching P m from either side. The melting at P m may behave as a turning point with ∆ρ P = 0 [44] . As shown in the inset to Fig. 1 , there is almost no sign of a density discontinuity when P ≈ P m [45] .
The melting at T m looks special at least for the continuity in density. It is interesting to figure out what role it plays in the two-dimensional melting of soft-core systems. To probe the details of the melting, we simulate much larger systems up to N = 4×10 5 using parallel LAMMPS package [46] in an N ρT or N P T ensemble and on both sides of ρ m .
We calculate the equilibrium isothermal equation of state P (ρ) in the N ρT ensemble across the transitions from solid to liquid. Figure 2 (a) shows P (ρ) for N = 102400 Hertzian disks calculated at T = 3.00 × 10 −3 and ρ < ρ m . The curve displays a Mayer-Wood loop [47] , characterizing phase coexistence. The loop is due to interface free energy between coexistent phases in finite size systems [48, 49] . We fit the curve with a 10 th order poly- nomial, and determine the boundaries of coexistence by the Maxwell construction. Seen from Fig. 2(a) , it is the coexistence of hexatic and liquid phases, because these two phases exist on both sides of the coexistence.
The interface free energy per particle f is calculated as half of the area encircled by the polynomial curve and the horizontal line of the Maxwell construction. With increasing system size, the Mayer-Wood loop flattens, so f tends to decrease with increasing N . Figure 2 (b) shows that f ∝ N −1/2 , further demonstrating the discontinuous nature of the hexatic-liquid transition at ρ < ρ m [6, 50] .
Moreover, we find that the density interval of the phase coexistence ∆ρ coex decreases with increasing temperature approaching T m from the ρ < ρ m side. As shown in Fig. 2 becomes continuous. What may happen for melting at ρ > ρ m ? In Fig. 2 (d), we show P (ρ) at the same temperature as for Fig. 2(a) , but on the higher density side of ρ m . Across the transitions, P monotonically increases with ρ [51] . Therefore, the hexatic-liquid transition is continuous and agrees with the KTHNY theory. We have also verified that the same phenomenon occurs at all other temperatures.
In Fig. 3 , we further compare the system size dependence of the isobaric density ρ(T ), enthalpy H(T ) and average bond-orientational order Ψ 6 (T ) = ψ 6 (T ) calculated in the N P T ensemble on both sides of P m [52], where . denotes average over particles and configurations. When P < P m , all quantities apparently tend to be discontinuous with increasing system size, while they do not show such a tendency when P > P m .
Figures 2 and 3 provide robust evidence to suggest that the hexatic-liquid transition undergoes a transition from discontinuous to continuous, with the melting at T m being a possible transition point. In Section IV of the Supplemental Material [36] , we provide another evidence by showing that the correlation length in the liquid phase tends to diverge approaching the maximum melting temperature from the ρ < ρ m side. Two different types of hexatic-liquid transition can be achieved in the same system, just by tuning the density. Now there comes the question of whether the scenario is specific to systems described by Eq. (1) or exists in other soft-core systems. Next, we will examine the widely studied Gaussian-core model and show that our observations are not unique to Hertzian and harmonic repulsions. The potential between interacting particles i and j for the Gaussian-core model is U (r ij ) = ǫexp(−r 2 ij /σ 2 ), with all parameters having the same meanings as for Eq. (1). We set a potential cutoff at r c = 4σ and shift the potential to make sure that both the potential and force vanish at r ij ≥ r c . We also use the same set of units as for Hertzian and harmonic systems. The Gaussiancore model exhibits reentrant crystallization with maximum melting temperature T m ≈ 0.011 happening at P m ≈ 0.16 and ρ m ≈ 0.37 estimated from the phase diagram of N = 1024 systems [36] . Figure 4 compares isothermal P (ρ) for Gaussian-core model calculated in the N ρT ensemble on both sides of ρ m and at T = 1.80 × 10 −3 . Like Hertzian and harmonic repulsions, Fig. 4(a) shows that P (ρ) at ρ < ρ m has a clear Mayer-Wood loop, so the hexatic-liquid transition here is discontinuous. The inset to Fig. 4(a) shows that the coexistent region ∆ρ coex also decreases with increasing temperature and can be well fitted with
γ , where T * m ≈ 0.0114 agrees well with T m estimated from the phase diagram. Again, for Gaussian-core model, melting at T m is likely to become continuous. In contrast, the continuity of the transitions above ρ m is robust. The P (ρ) curve at ρ > ρ m shown in Fig. 4(b) is rather straight across the melting with an almost density independent compressibility. By studying three representative soft-core models exhibiting reentrant crystallization, we find that both continuous and discontinuous hexatic-liquid transitions happen in the same system. The type of the transition is determined by density. Our data suggest that the melting point at the maximum melting temperature may be the demarcation between the two types of transitions. Note that Hertzian and harmonic models are quite different from Gaussian-core model [36] , but they still behave similarly in the hexatic-liquid transition. Although it is impossible to check all models, based on our study, we are inclined to believe that our observations generalize to soft-core systems with reentrant crystallization. Anyhow, our study reveals the unknown extraordinary features of two-dimensional melting of soft-core systems, which can be tested in experimental systems such as star polymers [53] .
In addition to the hexatic phase, the existence of the analogous tetratic phase upon the melting of solids with square lattice structure has been reported and discussed [54] [55] [56] . However, compared to the hexatic phase, the tetratic phase is much less studied. One possible reason is that the square lattice structure is more difficult to form than the triangular lattice. Hertzian Figure S5 (a) shows the interaction potential U (r ij ) between particles i and j for Hertzian, harmonic, and Gaussian-core models. All these models are soft-core, because the potential is finite even when two particles are completely overlap, i.e., r ij = 0.
According to Likos et al. [1] , reentrant crystallization (melting) happens if the Fourier transform of the interaction potential U (k) is positive definite. As shown in Fig. S5(b) , for all three models, U (k) > 0 and decays to zero monotonically when k → ∞. Therefore, these models will exhibit reentrant crystallization with a max- of the main text.
II. Identifying phases
As stated in the main text, we employ correlation functions of the bond-orientational and positional order parameters, g 6 (r) and g G (r), and sub-block scaling to distinguish phases. As an example, we show in Fig. S8 the analysis for a few states labeled on the P (ρ) curve in Fig. S8(a) [same curve as Fig. 2(d) of the main text] .
Figures S8(b) and (c) explicitly demonstrate how to identify phases from correlation functions, as already discussed in the main text. States with both g 6 (r) and g G (r) decaying exponentially are in liquid phase. States in hexatic phase exhibit a power-law decayed g 6 (r), g 6 (r) ∼ r −η6 with η 6 < 1/4, and an exponentially decayed g G (r). States showing an almost constant g 6 (r) and g G (r) ∼ r −ηG with η G < 1/3 are identified as in solid phase.
In Figs. S8(d) and (e), we present results of the subblock analysis of both order parameters to further verify that the states are correctly identified. We divide the whole system in dimensions of L x × L y = 2L × √ 3L into subsystems in dimensions of 2L B × √ 3L B and calculate the bond-orientational and positional order parameters
averaged over subsystems, where the sums are over N B particles in the subsystem. In the Ψ
−1/4 separates liquid phase from hexatic and solid phases [2] . States with the Ψ
−1/3 separates solid phase from hexatic and liquid phases [2] . Solid states have a Ψ Figure S9 (a) explicitly indicates that when ρ < ρ m the Mayer-Wood loop becomes flatter with increasing system size. When ρ > ρ m , Fig. S9(b) shows that for the largest system sizes studied the system size effects are already rather weak. It is thus plausible to expect that no Mayer-Wood loop will occur at ρ > ρ m in the large system size limit. Fig. S10(a) explicitly demonstrates that the density interval of the hexatic-liquid coexistence decreases with increasing temperature, as discussed in the main text. When ρ > ρ m , no Mayer-Wood loop is observable in P (ρ) curves at all temperatures shown in Fig. S10(b) .
In Fig. S10 , we also present results to clarify that the vanishing of the hexatic-liquid coexistence is not accompanied with the vanishing of the hexatic phase. On both sides of ρ m , there is no clear trend that the density interval for the pure hexatic phase to exist will decay to zero approaching the maximum melting temperature T m ≈ 3.90 × 10 −3 . Moreover, we calculate the susceptibilities of the bond orientational and positional order parameters [3] : χ 6 = Ψ Fig. S11 , we show χ 6 (T ) and χ G (T ) calculated in the N P T ensemble at a fixed pressure P ≈ P m ≈ 0.14 associated with the maximum melting temperature for Hertzian disks (refer to Fig. S7 ). Both susceptibilities exhibit a peak, but the peak of χ 6 (T ) occurs at a slightly higher temperature than that of χ G , which implies the existence of the hexatic phase even when melting at the maximum melting temperature. Therefore, there is always a thin layer of hexatic phase between solid and liquid.
In the main text, we have compared P (ρ) calculated on both sides of ρ m for both Hertzian and Gaussiancore models. Figure S12 explicitly demonstrates that harmonic model exhibits similar results.
IV. Length scale
In this section, we present another evidence independent of the isothermal equation of state to suggest that the hexatic-liquid transition undergoes the discontinuous-continuous transition possibly at the maximum melting temperature T m .
As discussed in the main text and in Section II, the correlation function of the bond orientational order parameter, g 6 (r), decays exponentially in a liquid state, from which we are able to extract a length ξ 6 : g 6 (r) ∼ exp(−r/ξ 6 ) [4] . As shown in Figs. S13(a) and (b), when ρ < ρ m and there is a Mayer-Wood loop in P (ρ), ξ 6 increases with increasing density approaching freezing. We estimate the length ξ state. We also examine other temperatures and find the same results.
V. Visualizing phases
In Fig. S14 , we visualize different phases using the method introduced in Ref. [6] . If we treat the local bond-orientational order for particle i as a vector, δ( r i ) = arccos[ ψ 6 ( r i ) · Ψ 6 /| ψ 6 ( r i )|| Ψ 6 |], i.e., the angle between ψ 6 ( r i ) and the global bond-orientational order Ψ 6 = N i=1 ψ 6 ( r i )/N , reflects the local deviation from the globally preferred alignment. δ = π corresponds to rotating a hexagon by π/6, which is the largest deviation from the direction of Ψ 6 . For solid states with long-range bond-orientational order, apparently, most particles tend to have a δ close to zero. For liquid states with only shortrange bond-orientational order, δ should range from 0 to π, being randomly distributed in space. Due to quasilong-range bond-orientational order, a large fraction of particles in hexatic states should have δ ≈ 0 and exhibit strong spatial correlations. Therefore, if we assign a color spectrum to δ and colorize the configuration, the local order and its spatial correlation can be vividly visualized, which help us to distinguish states by the eye.
We show in Fig. S14 the colorized configurations for several states across the melting on both sides of ρ m and at a fixed temperature. Liquid and solid states are easy to distinguish: liquid configurations [Figs. S14(b) and (f)] show colors over the whole spectrum and indeed randomly distributed in space, while solid configurations [Figs. S14(d) and (h)] are almost filled with a single color corresponding to δ ≈ 0.
In this work, we focus on the nature of the hexaticliquid transition and find that when ρ < ρ m the transition is discontinuous, while it becomes continuous when ρ ≥ ρ m . This difference can be directly told from the comparison between Figs. S14(c) and (g), which visualize the states in the middle of the transitions from solid to liquid. Figure S14 (c) shows apparent phase separation between liquid and hexatic phases at ρ < ρ m , while there is no clear phase coexistence at ρ > ρ m seen from Fig. S14(g) . In all simulations, we let the system relax long enough time. In order to make sure that the states are relaxed sufficiently to equilibrium, we show in Figs. S14(c) and (g) two snapshots evolved from different initial configurations with rather different structural orders, an isotropic liquid state and and a perfect triangular lattice state. The snapshots are taken when global order parameters of the two routes reach the same equilibrium values. We can tell that there is no historic dependence.
